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Q ' Abstract 

A nonlocal generalization of quantum field theory in which momentum space is 
the space of continuous maps of a circle into R 4 is proposed. Functional integrals 
in this theory are proved to exist. Renormalized quantum field model is obtained 
local limit of the proposed theory. 

o 
o i 

Consider a quantum field model defined in the following way. Let the momentum 
q \ space of the theory be the Banach space 

V = C(S\R 4 ) 

a: 

of all continuous maps of a circle of a unit length into R with the norm 

WpWv = m ax|b(r)|| , 

res 1 

where || ■ || is the canonical norm in R 4 . 

An arbitrary element of this space can be represented in the form 

p(r) = r + -L$( T ) • (1) 

Here £(r) satisfies the condition 

/ dr = . (2) 

s 1 

We denote the space of maps £ as Co(5' 1 , R 4 ). 

Consider the group G of three times differentiate diffeomorphisms 



X 



G = Difflfs 1 ) , 
g e G {g: S 1 ^S\ g\r) > 0} 
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Define the action of the group on the space V in the following way: 

9P(r)=p ( 9 - l (r)) 1 . (3) 

Consider the Wiener measure on the space V with the dispersion equal to vA and 
zero mathematical expectation 



w\{dp) = exp j-^ J \\p'(t)\\ 2 dr^j dp, A>0. 



(4) 



For any continuous bounded functional F(p) , that satisfies the inequality < i+nLis > 

the following equation is valid 

J F(p) w x (dp) = J J F(r + -U) Wl (d0 dr . 

V R 4 CoCSi.R 4 ) 

From here, the local limit of the integral follows 

lim / F(p) w\(dp) = / Fir) dr. (5) 

A^+oo J J 

V R 4 

It is known that measures invariant with respect to the group G do not exist. However, 
the measure w\(dp) is quasi-invariant. [I] 
It transforms as 

w\(d(gp)) = exp | j J S g (r) \\p{r) f drj w x {dp) , (6) 

Here S g denotes the Schwarz derivative 

g'"(r) 3(g"(r)V 

Consider the space of all square-integrable over the Wiener measure functions (p : 
V — > C, satisfying the equation 

V(p) = 

for all p <EV. 

The space Z£ is a Hilbert space over the real field R with the scalar product 



(tp,(f>) E = / tp(p)<f>(p) w\{dp) . 



v 

Functions ip and realize a regular unitary representation of the group G in the Hilbert 
space E: 

gip(p) = V {gp) exp J S g (r) \\p{r)fdr) . (8) 
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Free action 



AM = J \v( P )\ 2 V(p)w x (dp) 

V 



with 



(It 



+ m 



(9) 



(10) 



is invariant with respect to the group G. 
Note that 

lim Ao[<p]= [ \(p(r)\ 2 (\\r\\ 2 + m 2 ) dr . 

Thus, in the limit case we get the action of free scalar field. 

Let us construct the interaction term. In the limit case (A — ► +00) it should give the 
usual interaction f 4 . 

To get (quasi-) invariant expression we change p to gp and consider group averaging 
over G with the quasi-invariant measure [2j 



Hp(dg) = exp j J 



9 jr) 



dr> dg , 



where (3 is an arbitrary positive parameter. 

It is convenient to write the parameter j3 in the form f3 = aX with an arbitrary positive 

a. 

Taking into account the transformation rules for the field and the measure we propose 
the following formula for interaction 

Al[<p] = J ■ ■ ■ J (P(P1)<P(P2)<P(P3)<P(P4) 
V V 



5(Pi(n) -Ps{t\)) lbi(ri)|| 2 dri 



5(P2(t 2 ) -Pe(T 2 )) ||P2(T2) || 2 ^T2 



dr 



dr 



J 5(p 3 (T 3 ) -p 7 (r 3 )) \\p3(t 3 ) \\' 



dr 3 



d:T 



s 1 



\P3\V 



J S(pi(T A ) -pb(t 4 )) \\p4(n)\\ 2 dT A 

s 1 



dr 



\P^ T ) 



5(P5(T5) +Pe(n) +P7(r 5 ) +p 8 (r 5 )) \\p 5 (,T 5 )\\ 2 dT 5 



dr 



[ \\Ps(rW 



G K s 1 



Sgi( T ) \\Pi( T )\\ 2dr ? fJ> a \(dgi) wxidpt) 



G K S 1 



g J Sg s ( T ) \\Ps(r)\\ dr ) n a x(dg 8 ) w x (dp 8 ) 
g ^ s 1 

We see that interaction in this model is nonlocal. 
Using the following notations 



A(pi,p 5 ) = J || pi ^|| 2 f s (pi(Ti)-P5(Ti))\\pi(r 1 )\\ 2 dT 1 , 

A 



W aA (p) = J exp | ~y S g (r) \\p(r)\\ 2 dT \ ^ aX (dg) , 

G Is 1 J 

we write it in a more compact form 

Ai[(p] = /•••/ v(Pi)Z4a(pi) A(pi,p 5 ) 

<p{p 2 )U a x{p 2 ) A(p 2 ,Pe) 
¥{P3)U aX {pz) A(p 3 ,p 7 ) 

¥{Pi)Uct\{Pi) A(p 4 ,p 8 ) 
A(p 5 ,-P6 -P7-P8) 
W a A (P5 ) W a A (P6 ) W a A (P7 ) W a A (f 8 ) 

• • • wx(dps) . 

Getting in mind the effects of renormalization we consider also the following addition 
to the action 

A 2 [<p]=J JJJ <p(pi)<p(p2) 

V V V V 

A(pi,p 3 ) A(p 2 ,P4) A(p 3 ,-j9 4 ) 
U a x{pi) w\(dpi) U aX {p 2 ) w x (dp 2 ) 
U aX {p?,) w x (dp 3 ) U a x{pi) w x (dp 4 ) ■ 
Now the total action is given by the equation 

A[ifj] = A [ip] + Ki*Ai [tp\ + K 2 A 2 [ifj] . 

The following theorem is valid 
Theorem 1. 

For any positive K\ and any ip G E there exists the integral 

E 
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To prove this theorem note that for any ip G E the functional -4i[</?] is nonnegative. 
Therefore, the functional q-^^M-^^M-^v^e j s bounded on E. Hence, to prove that 
the integral (|12j) converges it is sufficient to verify the existence of the integrals 



E 



and 

' A 2 [^]e- AoW d^ 



E 
IS]- 

It can be done with the help of several bounds including those that are given by the 
lemmas. 

Lemma 1. There exists C\ > such that V r G R 4 and V ti,t 2 G S 1 (t\ ^ t 2 ) the 
following inequality is valid 

5(p(*0-r) \\p(h)\\ 2 \\ P (h)\\ 2 J U aX (p) w x (dp)< Cl (l + r 4 ) . 

Lemma 2. There exists c 2 > such that V t 1 ,t 2 G S 1 (ij 7^ t 2 ) following 
inequality is fulfilled 

J [Q 2 ( Pi )Y 1 |b(tx)|| 2 (|b(t 2 )|| 2 + l) (/ |^yp) (W Q A(P)) 2 Ufc(dp) <C 2 . 



T 5 



We have already discussed that when A — ► +00 the set of measures w\ converges in a 
weak sence to Lebesgue measure on R 4 C V . 

The limit of *4.o[</v] gives the action of free scalar field. 

Similarly, when a — > +00 A — > +00 , the measure U a \{p) w\(dp) converges in a weak 
sence to a Lebesgue measure. And for the limits of v4i[0^] and ^[0^] we have the action 
of Lp 4 model. 

lim Ai[<j><p\= / / / / H r i + r 2 + r 3 + r 4 ) <p(ri)<p(rs)(p(r 3 )(p(r4) drid^dradu . 

A^+oo ,a— >+oo J J J J 



R 4 R 4 R 4 R 4 



lim A 2 [(p] = / \(p(r)\ 2 dr . 

■00 ,a^+oo J 



X— >+oo ,a— >+oo 

R 4 

It can be proven that the local limit of our model is the renormalized if 4 theory. That 
is, the following theorem is valid. 
Theorem 2. 

There are functions k,i(8, a) and k 2 (9, a) such that for all integer n > the following 
limits exist 

j e -A {ip}-K.i(8,a)Ai[4>]-K 2 {e,a)A2li>]-i(il>,<l> v )E ^ 

lim lim 



A-t+ooa-t+oo^" J e -AoW-K 1 (e,a)Ai[ip]-K2(e,a)A 2 W dif; 

E 



0=0 
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To prove this theorem we make a substitution 



ffV) 



9'(r) 



(13) 



The measure n looks like 



V a \{dg) = exp |~f / (/'( r )) 2 rfr | d f = w <*( d f) ■ 



(14) 



Schwarz derivative S g takes the form 



Also, we have 



exp 



Jim^exp j^y* S g (r) \\p(r)\\ 2 dr 

\~j f{r)dr\\rr + \j f'(r) (r,£(r)) dr 
y s 1 s 1 



(15) 



(16) 



Now, for the limit lim A\ we get 

A^+oo , a=const 



lim AM =/...//.../ / ... / ^(ri)^(r 2 )^(r 3 )^(r 4 ) 

3 , a=const J J J J J J 



R 4 R 4 F F CoCS^R 4 ) CoCS^R 4 ) 

5(n - r 5 ) 5(r 2 - r 6 ) 5(r 3 - r 7 ) <5(r 4 - r 8 ) <5(r 5 + r 6 + r 7 + r 8 ) 
/ eXP ll^/ A 2 W^IHIi + |/ /{(r) (ri,6(r)) drl u; a (4fi) ^(dfi) dn 

Is 1 S 1 J 

/ eXP |"i/ ^( r ) rfr H r ll8 + l/ (^(r^drl Mdfs) wMs) dr 8 

Is 1 S 1 J 



S 1 S 1 

Integrations over r 5 , ...,r 8 and £i, ...,£s result in 



A^+oo 



lim AM =/•••/ ^(n)^(r 2 )^(r3)^(r 4 ) / ... / 

o , a=const J J J J 



R 4 R 4 



F F 



exp 



1 

32 



dr 



exp < - 



f 2 M + f 2 5 (r 



exp < — 



1 

32 



/ 2 2 W + / 6 2 (r)j dr ||r 2 || 2 



w a {dfi) ■ ■ ■ w a (df s ) 5(rt + r 2 + r 3 + r 4 ) dn • • • dr 4 
Finally, evaluating functional integrals over we obtain 



lim Ai[p] = (17) 

A^+oo , a=const 



R 4 R 4 



Here 



<p{ri)l(a, ^INl) •••^(r 4 )/(a, J||r 4 || 
5(ri + r 2 + r 3 + r 4 ) dr\ ■ ■ ■ dr± . 

a ex P (-275) 



J(a, a) 



l-exp(-^) ' 



Similarly, for lim „4 2 we obtain 

A^+oo , a=const 



lim AM = (19) 

A^+oo , a=const 



J J fin) I (a , -\\ri\\) ip(r 2 ) I (a , -\\r 2 \\) 



R 4 R 4 

5(ri + r 2 ) c?ri <ir 2 . 

Note that the factors / decrease very fast at large ||r||. Therefore, we can consider the 
above formulae as a regularization of p A model with the regularization parameter a. It 
belongs to a set of regularizations that can be used for the proof of renormalizability of 
ip 4 model 0j. 

In a similar manner, it is possible to prove the existence of the functional integral in 
p 4 model in 3-dimensional space-time 

lim lim 

J e -Ao[<p]-KiAi[<p]-K2(9,a)A2[ip]-i(ip,x)Bi dp 

E 

J e -Ao[(p]-KiAi[<p]-K2(0,a)Az[tp] dp 
E 
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